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Abstract

Financial intermediaries often use stress testing to set risk exposure limits. Accordingly, we examine
a model with an agent who faces stress testing constraints and another who does not. Three results are
obtained. First, when there are K∗ binding constraints, the constrained agent’s optimal portfolio exhibits
(K∗ + 2)-fund separation. Second, the effect of the constraints on the optimal portfolio is identical to that
of an adjustment in the expected payoffs of the risky securities that tends to lower them. Third, a security’s
equilibrium expected return depends on both its systematic risk and its idiosyncratic returns in the states
where the constraints bind.
© 2008 Elsevier Inc. All rights reserved.

JEL classification: G11; G12; G21; G28; D81

Keywords: Stress testing; Financial intermediaries; Portfolio selection; Asset pricing; Idiosyncratic returns; Risk
management; Regulation

1. Introduction

Over the past twenty years, some investors have suffered sizeable losses due to extreme events.
Examples of such events include the crash in the U.S. stock market of 1987 and the Asian crisis
of 1997. More recently, the terrorist attacks in the U.S. (2001), Spain (2004), and the U.K. (2005)
have tremendously affected financial markets.
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Since the occurrence of these events, the importance of risk management has been extensively
recognized by financial intermediaries when deciding the amount of risk they are willing to bear.
Furthermore, bank regulators now put an emphasis on risk management practices in attempting
to reduce the fragility of banking systems.

Value-at-risk (VaR) and stress testing have emerged as two of the most popular risk manage-
ment tools.1 For example, under the Basle Capital Accord, banks use VaR in internal models
to calculate minimum capital requirements associated with their exposures to market risk (see,
e.g., Berkowitz and O’Brien, 2002; Jorion, 2002; and Alexander and Baptista, 2006a). Moreover,
banks that use this approach must have in place a rigorous stress testing program (see Basle Com-
mittee on Banking Supervision, 2005, p. 42). Not surprisingly, stress testing is now often used
by financial intermediaries to set risk exposure limits (see Committee on the Global Financial
System, 2005, pp. 1, 15; and Scholes, 2000).

While the previous literature examines the impact of using VaR as a risk management tool on
portfolio selection and asset pricing (see, e.g., Alexander and Baptista, 2002), it has yet to simi-
larly explore the impact of using stress testing constraints.2 We provide parsimonious character-
izations of (1) optimal portfolios in the presence of stress testing constraints and (2) equilibrium
security expected returns in a two-agent economy where one agent faces these constraints and
the other does not.3

An examination of the impact of stress testing constraints is of interest for several reasons.
First, as noted earlier, financial intermediaries often use them to set risk exposure limits. Second,
stress testing constraints may bind even when a financial intermediary holds capital in excess of
the minimum capital requirements as determined by the Basle Capital Accord. This can happen
since stress testing captures extreme events where losses can be very large. Third, stress testing
constraints can be utilized to control portfolio skewness and kurtosis. Finally, since the return
distributions of managed portfolios can resemble those of certain options strategies (see, e.g.,
Merton, 1981; and Jagannathan and Korajczyk, 1986), the use of stress testing constraints can
mitigate the option-like features in these distributions.

In investigating the impact of stress testing constraints, we use Markowitz’s (1952, 1959)
mean-variance model. There are important reasons for doing so. First, the mean-variance model
is the cornerstone of portfolio theory. Second, it is widely used in practice to determine opti-
mal asset allocations. Third, since a set of stress testing constraints captures some measure of
risk beyond variance (i.e., returns in extreme events), a mean-variance objective function is of
interest.4 Fourth, the model has been extensively used in the banking literature (see, e.g., Hart

1 For an examination of the effect of extreme events in the estimation of VaR, see Longin (2000).
2 A stress testing constraint is a restriction on the set of portfolios that are available for selection that specifies: (1) the

state used in stress testing and (2) the maximum loss admissible in this state.
3 Rietz (1988) and Barro (2006) show that economic disasters may explain the equity premium puzzle of Mehra and

Prescott (1985). Our paper differs from theirs in two respects. First, we explore the portfolio selection and asset pricing
implications arising from an agent using stress testing constraints to control losses in extreme events, while they explore
the asset pricing implications arising from an agent recognizing the possibility of economic disasters in the absence of
such constraints. Second, we examine an economy where there are two agents with mean-variance objective functions,
while they examine an economy where there is a representative agent with constant relative risk aversion.

4 Previous work examines the asset pricing implications of preferences defined over measures of risk beyond variance.
Our paper differs from this work in two respects. First, the importance of a measure of risk beyond variance arises in our
model due to the existence of stress testing constraints while it arises in other models from agents having, for example,
(1) a preference for right-skewed portfolios (e.g., Kraus and Litzenberger, 1976; and Harvey and Siddique, 2000), or
(2) an aversion to kurtosis (e.g., Dittmar, 2002), or (3) an aversion to disappointment (e.g., Ang et al., 2006a). Second,
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and Jaffee, 1974; Francis, 1978; Koehn and Santomero, 1980; Kim and Santomero, 1988; and
Rochet, 1992).

We obtain three main results. First, the constrained agent’s optimal portfolio exhibits (K∗+2)-
fund separation, where K∗ is the number of binding stress testing constraints. This result
simplifies stress testing-constrained portfolio selection problems into (K∗ + 2)-fund allocation
exercises that can be solved in two steps: (1) identifying the K∗ + 2 funds, and (2) allocating
wealth among them. While two of these funds are also used by the unconstrained agent, the
remaining K∗ funds capture the need to satisfy the constraints.

Second, the effect of the constraints on the optimal portfolio is identical to that of an adjust-
ment in the expected payoffs of the risky securities that tends to lower them.5 As a result, the
constraints tend to lead to an increase in the optimal holding of the risk-free security, thereby
reducing an agent’s exposure to risky securities.

Third, a security’s equilibrium expected return is affected by both its systematic risk (i.e., beta)
and its idiosyncratic returns in the states where the constraints bind.6 Specifically, securities with
negative (positive) idiosyncratic returns in these states have relatively high (low) expected returns
in equilibrium. The intuition for this result is straightforward. Due to the constraints, it is costly
(beneficial) for the constrained agent to hold securities with negative (positive) idiosyncratic
returns in such states. This result provides further motivation to the literature in which security
prices are not solely driven by systematic risk.

Previous theoretical papers in this literature recognize the importance of idiosyncratic risk.7

For example, Levy (1978), Merton (1987), and Malkiel and Xu (2002) develop models where
security expected returns depend on both systematic and idiosyncratic risk. The empirical litera-
ture reports evidence of the importance of idiosyncratic risk. Campbell et al. (2001) and Malkiel
and Xu (2003) show that the risk of individual stocks has noticeably increased over time. Goyal
and Santa-Clara (2003) provide evidence of a significant positive relation between (1) a mea-
sure of idiosyncratic risk given by the equal-weighted average stock risk and (2) the future stock
market return. However, Bali et al. (2005) find no evidence of a significant relation between the
value-weighted average stock risk and the future stock market return. Moreover, Guo and Sav-
ickas (2006) show that when the value-weighted average stock risk and aggregate stock market
risk are jointly used to forecast the market return, there is a significant negative relation between

our model captures the effects of the returns in just those states used in the stress testing constraints on asset pricing while
other models use the returns in either (i) all states (to capture the effects of skewness and kurtosis), or (ii) states where
the level of wealth is below the certainty equivalent (to capture the effects of disappointment aversion).

5 This result is related to the papers of Cvitanić and Karatzas (1992) and Jagannathan and Ma (2002) who show
that the solution of a portfolio selection problem with constraints on security holdings (e.g., prohibition of short sales)
coincides with the solution of a portfolio selection problem in the absence of these constraints if certain adjustments in
the distribution of security returns are made. Our result differs from theirs in that we consider stress testing constraints
rather than constraints on security holdings.

6 A security’s idiosyncratic return in a state is given by its return in this state minus its risk-adjusted return in the state.
In our paper, the risk-adjustment is made using the CAPM of Sharpe (1964), Lintner (1965), and Mossin (1966).

7 Here, idiosyncratic risk refers to the standard deviation of idiosyncratic returns computed with respect to a given
asset pricing model (e.g., the CAPM or the Fama-French three-factor model). For example, when the CAPM is used,
a security’s idiosyncratic returns are given by the residuals of a regression of (a) the security’s excess returns (over the
risk-free rate) on (b) the market portfolio’s excess returns. Hence, the notion of ‘idiosyncratic returns in the states where
the stress testing constraints bind’ differs from that of ‘idiosyncratic risk.’ The former consists of a relatively small set
of the aforementioned residuals (i.e., those associated with the states where the stress testing constraints bind). The latter
refers to the standard deviation of all residuals. Hence, while the former is a set of possibly more than one value (when
more than one stress testing constraint binds), the latter always refers to a single value.
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the value-weighted average stock risk and the future stock market return. Ang et al. (2006b, in
press) find that individual stocks with higher idiosyncratic risk earn lower average returns.

Two features of our work differ from the idiosyncratic risk literature. First, the reason why
idiosyncratic returns affect security expected returns in our model (i.e., the stress testing con-
straints) is, to the best of our knowledge, novel. Second, our model captures the effects of
idiosyncratic returns in some states (i.e., those where the stress testing constraints bind) on asset
pricing while the models in the literature capture the effects of idiosyncratic risk on asset pricing.
Under certain conditions, the model generates predictions of security expected returns that are
consistent with the empirical evidence in Ang et al. (2006a, in press). For example, consider a
security with (1) high idiosyncratic risk and (2) positive idiosyncratic returns in the states where
the stress testing constraints bind. Consistent with empirical evidence, our model predicts that
this security has a relatively low expected return. However, it is important to emphasize that
since the use of stress testing constraints is a relatively new practice, stress testing does not fully
explain the aforementioned empirical evidence. Nevertheless, the asset pricing implications of
our results are likely to become increasingly more relevant since the usage of stress testing is
expanding (see Committee on the Global Financial System, 2005, pp. 1, 3).

Also related to our work are papers that investigate portfolio selection when an agent keeps
his or her wealth above a floor (see, e.g., Black and Perold, 1992; Grossman and Vila, 1992;
Grossman and Zhou, 1993; Basak, 1995; and Cvitanić and Karatzas, 1995). Our work differs
from these papers in two important ways. First, we examine the impact of a set of stress testing
constraints rather than that of a floor.8 Second, we use the mean-variance model rather than an
expected utility continuous-time model.9

Some more recent but nevertheless extensive literature explores the portfolio selection and
equilibrium implications arising from using a VaR constraint.10 Several papers in this litera-
ture use a continuous-time expected utility model. Basak and Shapiro (2001) find that when an
agent faces a VaR constraint at the initial date, he or she may select a larger exposure to risky
assets than that in its absence. Yiu (2004) show that a dynamic VaR constraint leads an agent
to reduce his or her exposure to risky assets. Cuoco and Liu (2006) find that the VaR-based
capital requirements of the Basle Capital Accord are effective in curbing portfolio risk. Under
certain conditions, Alexander and Baptista (2004, 2006a) show that adding a VaR constraint to
the mean-variance model leads to the selection of portfolios with larger standard deviations than
those of the portfolios selected without the VaR constraint. However, there are also conditions
under which doing so leads to the selection of portfolios with smaller standard deviations (see
Sentana, 2003; and Alexander and Baptista, 2004, 2006a). Daníelsson and Zigrand (2008) show
that VaR-based regulation can lower systemic risk in an equilibrium model.11

8 Note that a set of stress testing constraints differs from a floor (also referred to as maximum drawdown). While the
former restricts the wealth of an agent in only the states where extreme events occur, the latter restricts it in all states. For
an examination of the portfolio selection implications of adding a maximum drawdown constraint to the mean-variance
model, see Alexander and Baptista (2006b).

9 Nevertheless, Markowitz and van Dijk (2003) find that under certain conditions, the mean-variance model provides a
good approximation to multi-period expected utility maximization.
10 Alexander and Baptista (2008) examine the portfolio selection implications arising from a portfolio manager using
a VaR constraint when he or she manages a portfolio relative to a benchmark as in Roll (1992). Basak et al. (2006, in
press-b) explore the portfolio selection implications arising from adding a constraint involving tracking error (relative to
a benchmark) to a manager’s portfolio selection problem. These papers show that such constraints are beneficial from
the perspective of investors.
11 For an equilibrium model of financial contagion, see Kodres and Pritsker (2002).
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The paper proceeds as follows. Section 2 describes our model and characterizes optimal port-
folios and equilibrium security expected returns. Section 3 provides an example that illustrates
our theoretical results and Section 4 concludes. Appendix A contains the proofs.

2. The model

Next, we describe the model.

2.1. Securities

Consider an economy with two dates (t = 0,1). The uncertainty at date 1 is represented by S

states (s = 1, . . . , S). Let π = [π1 · · · πS]� be the vector of probabilities for these states with
πs > 0 denoting the probability of state s. There are J � S − 1 risky securities (j = 1, . . . , J )
available for trade at date 0. The payoffs of these securities are given by a J × S matrix D. The
entry in row j and column s of this matrix is the payoff of security j in state s and is denoted
by djs . Let ds ≡ [d1s · · · dJs]� denote the vector of security payoffs in state s. The vector of
expected date-1 security payoffs is given by d = [d1 · · · dJ ]� with dj denoting security j ’s
expected payoff. Let V be the J × J variance-covariance matrix of security date-1 payoffs with
Vj1j2 denoting the covariance between the payoffs of securities j1 and j2. As usual, suppose that
rank(V ) = J . Each risky security is in positive net supply and has one share outstanding.

A risk-free security (j = J + 1) is also available for trade at date 0.12 This security has a
date-1 payoff of one in all states. The risk-free security is in zero net supply.

A portfolio is a vector q = [q1 · · · qJ+1]� with qj denoting the holding of security j . A pos-
itive holding of a security represents a long position in the security, whereas a negative holding
represents a short position. For each portfolio q , let q̂ ≡ [q1 · · · qJ ]�. Portfolio q’s expected
payoff is q̂�d + qJ+1. The variance of portfolio q’s payoff is q̂�V q̂ .

A vector of date-0 prices for the risky securities is given by p = [p1 · · · pJ ]� with pj de-
noting security j ’s price. For convenience, we use the date-0 price of the risk-free security as the
numeraire.13 That is, the date-0 price of the risk-free security is normalized to be one.14 Fix a

portfolio q with positive price. Portfolio q’s expected return is q̂�d+qJ+1

q̂�p+qJ+1
− 1. The variance of

portfolio q’s return is q̂�V q̂

(̂q�p+qJ+1)
2 .

2.2. Agents

There are two agents with a mean-variance objective function U : R2+ → R defined by

(1)U
(
W,σ 2

W

) = W − γ

2
σ 2

W,

12 Our results can be extended in a natural way to the case of absence of a risk-free security as in Black (1972).
13 Researchers often use the price of the risk-free security as the numeraire; see, for example, Harris (1980) in the
context of a general equilibrium model where agents have mean-variance objective functions.
14 Doing so does not result in loss of generality. Setting the price of the risk-free security to one and appropriately
adjusting the prices of the risky securities does not affect the set of portfolios that satisfy a budget constraint. The set of
portfolios that satisfy a stress testing constraint also remains unaffected provided that the maximum loss admissible is
appropriately adjusted.
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where W and σ 2
W denote, respectively, the expected value and variance of date-1 wealth, and

γ > 0. The assumption that this function is linear in both expected value and variance of wealth
allows us to derive parsimonious formulas for the effect of stress testing constraints on optimal
portfolios and equilibrium security expected returns. More generally, mean-variance objective
functions are commonly used by practitioners and researchers (see, e.g., Sharpe, 1987, pp. 33–
39; and Grinold and Kahn, 2000, pp. 96–99).15

The unconstrained agent has γ = γ u. The constrained agent has γ = γ c, and is restricted to
select a portfolio q that satisfies K stress testing constraints:

(2)
q̂�ds + qJ+1

q̂�p + qJ+1
− 1 � −Ts, s = s1, . . . , sK,

where (i) 1 � K � J − 1, (ii) s1, . . . , sK are distinct states, and (iii) Ts1, . . . , TsK are possibly
distinct bounds in states s1, . . . , sK , respectively.16 Each of these states represents an ‘extreme’
event where at least some of the securities have particularly small payoffs.17 We assume that all
bounds are greater than zero. Since: (a) the bounds are assumed to be greater than zero and (b) the
risk-free security has a return of zero in all states, a portfolio with a sufficiently large holding of
the risk-free security satisfies the stress testing constraints. Hence, the set of portfolios satisfying
the stress testing constraints is non-empty.

While in practice there is a wide range of tools used to stress test a portfolio, the constraints in
Eq. (2) are formulated to specifically capture the use of scenario analysis in setting risk exposure
limits.18 Jorion (2007, p. 357) points out that scenario analysis consists of evaluating a portfolio
under various extreme states of the world. These states of the world are captured in our model by
the states used in Eq. (2), i.e., s1, . . . , sK .

In practice, the scenarios that are analyzed can be based on either historical or hypothetical
events. The Committee on the Global Financial System (2005, Table 3a) notes that widely used
historical events include: (a) the crash in the U.S. stock market of 1987, (b) the Asian crisis of
1997, and (c) the terrorist attacks in the U.S. in September of 2001. These events can be captured
in our model by specifying the appropriate security payoffs in the states used to represent the
events.

15 Berk (1997) gives joint conditions on utility functions and return distributions that lead to mean-variance objective
functions. For arbitrary distributions, these objective functions can be motivated with a quadratic utility function (see
Huang and Litzenberger, 1988, p. 61). When no distributional assumption is made, a mean-variance objective function
can be used as an approximation to expected utility maximization (see Markowitz, 1987, pp. 52–70).
16 Our results can also be extended to the case when there are several constrained agents with each one of them:
(1) having a possibly different γ and (2) facing a possibly different set of stress testing constraints.
17 Conditional Value-at-Risk (CVaR) also captures extreme events, but there are notable differences between risk man-
agement systems based on CVaR and stress testing. First, while a CVaR-based risk management system typically uses a
single CVaR constraint, a stress testing-based risk management system typically uses several stress testing constraints.
Second, the set of states used to assess whether a portfolio satisfies a CVaR constraint depends on the portfolio, but
the state used to assess whether a portfolio satisfies a stress testing constraint does not. Third, while a CVaR constraint
restricts the average loss conditional on the aforementioned set of states, a stress testing constraint restricts the loss in
a given state; for an examination of the impact of a CVaR constraint in the mean-variance model, see Alexander and
Baptista (2004, 2006a).
18 For a description of these tools, see, e.g., Committee on the Global Financial System (2005) and Jorion (2007, Ch. 14).
The stress testing constraints in our paper are intended to capture the use of stress testing at the level of an individual
financial intermediary. For a survey of macro stress testing, where the fragility of the entire financial system is assessed,
see Sorge (2004).



G.J. Alexander, A.M. Baptista / J. Finan. Intermediation 18 (2009) 65–92 71
In regard to hypothetical events, the Committee on the Global Financial System (2005,
Table 3a) notes the common use of, for example, U.S. or global economic outlooks and oil price
scenarios. These events can be captured in our model by the states where the payoff of a certain
portfolio (e.g., the market portfolio) is below an appropriate value.19

Note that the agent who faces the stress testing constraints can be viewed as representing
the regulated players in the economy (e.g., banks). The agent who does not face the constraints
can be viewed as representing the unregulated players in the economy (e.g., hedge funds) who
provide portfolio insurance to the regulated players.20 Alternatively, our model can be viewed as
representing an economy where certain agents are ‘pure’ mean-variance optimizers, while others
also optimize along the mean-variance criterion but have an aversion to low payoffs in the states
used by the stress testing constraints.

The unconstrained agent’s initial holdings of securities are given by qu = [q1u · · · qJ+1u]�
with qju denoting the holding of security j . Similarly, the constrained agent’s initial holdings of
securities are given by qc = [q1c · · · qJ+1c]� with qjc denoting the holding of security j . Since
each risky security has one share outstanding and the risk-free security is in zero net supply, we
have q̂u + q̂c = 1, where 1 is the J -dimensional vector [1 · · · 1]�, and qJ+1u +qJ+1c = 0. Thus,
an economy is summarized by [(D,π), (γu, γc), (qu,qc), {(sk, Tsk )}Kk=1].

2.3. Portfolio selection implications

Next, we characterize the agents’ optimal portfolios.

2.3.1. Unconstrained agent’s optimal portfolio
A portfolio with positive price is on the mean-variance boundary if there is no other portfolio

with: (a) the same price, (b) the same expected payoff, and (c) a smaller payoff variance. In
Appendix A, we show that for any portfolio q on the mean-variance boundary, we have

(3)q̂ = αV −1(d − p)

for some α ∈ R. A portfolio with positive price is efficient if it lies on this boundary and has an
expected return equal to or greater than zero. Otherwise, the portfolio is inefficient.

We are interested in the case when p�V −1(d − p) �= 0. Portfolio q t ≡ [[V −1(d−p)]�
p�V −1(d−p)

0]�
is referred to as the tangency portfolio. Portfolio qf ≡ [0� 1]�, where 0 is the J -dimensional
vector [0 · · · 0]�, is referred to as the risk-free portfolio.

The unconstrained agent’s optimal portfolio q∗
u solves

(4)max
q∈RJ+1

q̂�d + qJ+1 − γu

2
q̂�V q̂

(5)s.t. q̂�p + qJ+1 � q̂�
u p + qJ+1u.

Note that Eq. (5) is a budget constraint. The following result characterizes q∗
u.

19 Hence, the selection of the states used by the stress testing constraints depends on security payoffs, but not on their
endogenously determined prices.
20 For an examination of whether hedge funds should be regulated, see Daníelsson et al. (2005).
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Fig. 1. Optimal portfolios and the market portfolio. Note. This figure illustrates the unconstrained and constrained agents’
optimal portfolios (q∗

u and q∗
c ) and the market portfolio (qm), represented by, respectively, points u, c, and m. Also shown

are funds qf , qt , qs∗1 , and qx , represented by, respectively, points f , t , s∗
1 , and x. The line represents combinations of

qf and q t (i.e., the efficient frontier). The dashed hyperbola represents combinations of q t and qs∗1 . The dotted line

represents combinations of qf and qx .

Theorem 1. The unconstrained agent’s optimal portfolio is characterized by

(6)q∗
u = θu

f qf + θu
t q t ,

where θu
f ≡ (̂qu − q̂∗

u)
�p + qJ+1u and θu

t ≡ p�V −1(d−p)
γu

.

Theorem 1 says that q∗
u exhibits two-fund separation. Since these funds are qf and q t , q∗

u is

efficient. Note that if p�V −1(d − p) is positive, then q t is efficient and θu
t is positive. However,

if p�V −1(d −p) is negative, then q t is inefficient and θu
t is negative. Fig. 1 illustrates Theorem 1

when θu
t > 0. Note that qf , q t , and q∗

u, represented by, respectively, points f , t , and u, lie on the
line representing the efficient frontier.

2.3.2. Constrained agent’s optimal portfolio
The constrained agent’s optimal portfolio q∗

c solves

(7)max
q∈RJ+1

q̂�d + qJ+1 − γc

2
q̂�V q̂

(8)s.t. q̂�p + qJ+1 � q̂�
c p + qJ+1c,

(9)
q̂�ds + qJ+1

q̂�p + qJ+1
− 1 � −Ts, s = s1, . . . , sK.
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Note that Eq. (8) is a budget constraint and that Eq. (9) represents the stress testing constraints.
We are interested in the case when: (1) rank([d −p ds1 −p · · · dsK −p]) = K + 1;21 and

(2) p�V −1(ds − p) �= 0 for s = s1, . . . , sK . Let qs ≡ [[V −1(ds−p)]�
p�V −1(ds−p)

0]�for s = s1, . . . , sK .22

Using Eq. (3), portfolios qs1
, . . . ,qsK

are inefficient. These portfolios are useful to character-
ize q∗

c .

Theorem 2. The constrained agent’s optimal portfolio is given by

(10)q∗
c = θc

f qf + θc
t q t +

K∗∑
k=1

θc
s∗
k
qs∗

k
,

where θc
f ≡ (̂qc − q̂∗

c )
�p + qJ+1c , θc

t ≡ p�V −1(d−p)
γc

, θc
s ≡ p�V −1(ds−p)

γc
λs for s = s∗

1 , . . . , s∗
K∗ ,

K∗ is the number of binding stress testing constraints, s∗
1 , . . . , s∗

K∗ are the states used by these
constraints, and λs∗

1
, . . . , λs∗

K∗ are Lagrange multipliers associated with the constraints as given
in Appendix A.

Theorem 2 says that q∗
c exhibits (K∗ + 2)-fund separation.23 Since these funds are qf , q t ,

and qs∗
1
, . . . ,qs∗

K∗ where the last K∗ funds are inefficient, q∗
c is also inefficient. Fig. 1 illustrates

Theorem 2 when K∗ = 1 and θc
s∗
1

< 0. Note that qs∗
1

and q∗
c , represented by, respectively, points

s∗
1 and c, lie below the efficient frontier. Using Eq. (10), we have

(11)q∗
c = θc

f qf + θc
xqx,

where θc
x ≡ θc

t + θc
s∗
1

and qx ≡
θc
t q t+θc

s∗1
qs∗1

θc
x

. Note that qx , represented by point x, lies on the

dashed hyperbola representing combinations of q t and qs∗
1
. As Eq. (11) implies, q∗

c lies on the
dotted line representing combinations of qf and qx .

Of particular interest is the case when γu = γc. Using Theorems 1 and 2, we have θu
t = θc

t .
Thus, the stress testing constraints do not affect the optimal holding of q t . The following result
further explores the effect of the constraints on the optimal portfolio.

Theorem 3. Suppose that γu = γc and qu = qc . The constrained agent’s optimal portfolio when
the vector of security expected payoffs is d coincides with the unconstrained agent’s optimal
portfolio when the vector of security expected payoffs is d∗ ≡ d + ∑K∗

k=1 λs∗
k
(ds∗

k
− p), where

K∗ is the number of binding stress testing constraints, s∗
1 , . . . , s∗

K∗ are the states used by these
constraints, and λs∗

1
, . . . , λs∗

K∗ are Lagrange multipliers associated with the constraints as given
in Appendix A.

Using Theorem 3, the effect of the stress testing constraints on the optimal portfolio is iden-
tical to that of an adjustment in the vector of security expected payoffs d .24 Since λs > 0 for

21 This condition is not particularly restrictive. Given the security price vector, the condition holds for almost every
security payoff matrix.
22 It can be shown that portfolio qs has minimum return variance among all portfolios with state-s returns equal to the
state-s return of portfolio qs .
23 Note that K∗ depends on γc . For example, if γc is relatively small (large), then K∗ might be equal to K (zero).
24 Thus, the constrained agent’s optimal portfolio coincides with that of an unconstrained agent with distorted beliefs
regarding security payoffs. This result is related to the work of Maenhout (2004) where an agent cares about model
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s = s∗
1 , . . . , s∗

K∗ , security j ’s adjusted expected payoff d∗
j is smaller (larger) than its expected

payoff dj if djs is smaller (larger) than pj for s = s∗
1 , . . . , s∗

K∗ .25 In practice, a state is used by a
stress testing constraint only if some securities have negative returns in the state. Hence, the case
when djs � pj for j = 1, . . . , J and s = s∗

1 , . . . , s∗
K∗ is not plausible.

In the case when djs < pj for j = 1, . . . , J and s = s∗
1 , . . . , s∗

K∗ , the expected payoffs of all
risky securities are adjusted downward. Thus, the risk-free security is relatively more attractive in
the presence of the constraints. Consequently, the optimal holding of this security in the presence
of the constraints tends to be larger than that in their absence.

Consider now the case when dj1s < pj1 and dj2s > pj2 for some securities j1, j2 ∈ {1, . . . , J }
and any state s ∈ {s∗

1 , . . . , s∗
K∗}. In this case, (1) the expected payoff of at least one risky security is

adjusted downward and (2) the expected payoff of at least one risky security is adjusted upward.
Thus, in the presence of stress testing constraints, the risk-free security can be more attractive,
as attractive, or less attractive than in their absence. Consequently, the optimal holding of this
security in the presence of the constraints can be smaller than, equal to, or larger than that in
their absence.

2.4. Equilibrium implications

An equilibrium for economy [(D,π), (γu, γc), (qu,qc), {(sk, Tsk )}Kk=1] is a vector of security
prices p∗ and a portfolio allocation (q∗

u,q
∗
c ) such that: (a) given p∗, q∗

u solves the unconstrained
agent’s portfolio selection problem; (b) given p∗, q∗

c solves the constrained agent’s portfolio
selection problem; and (c) security markets clear, i.e.,

(12)q̂∗
u + q̂∗

c = 1,

(13)q∗
J+1u + q∗

J+1c = 0.

As Eqs. (12) and (13) indicate, in equilibrium the unconstrained agent absorbs the trades that the
constrained agent is required to make to satisfy the stress testing constraints.

Let Rj and Rjs denote, respectively, the expected return and state-s return of security j . Since
all risky securities have one share outstanding, the market portfolio is given by qm = [1� 0]�. Let
Rm and Rms denote, respectively, the expected return and state-s return of the market portfolio.
Security j ’s beta is βj ≡ σjm/σ 2

m, where σjm denotes the covariance between the returns on
security j and the market portfolio and σ 2

m denotes the variance of the market portfolio return.
We are interested in economies for which there exists an equilibrium where at least one of the

stress testing constraints binds.26 The following result characterizes security expected returns in
equilibrium.

misspecification and seeks a portfolio rule that is robust (i.e., performs well not only when the underlying model is exact
but also when it is misspecified). Consistent with max-min expected utility, a robust investor hedges against a worst-case
model. Maenhout shows that robustness: (a) decreases the demand for risky assets and (b) is equivalent to an increase in
risk aversion.
25 Since the return on the risk-free security is zero, the condition that djs is smaller (larger) than pj is equivalent to the
condition that security j ’s return in state s is smaller (larger) than the risk-free return.
26 A characterization of the set of equilibria for a general class of economies with portfolio constraints is beyond the
scope of our paper. For recent work on this issue, see Cass and Pavlova (2004), Basak et al. (in press-a), and references
therein.
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Theorem 4. In equilibrium, the market portfolio is inefficient. Furthermore, security j ’s equilib-
rium expected return is given by

(14)Rj = βjRm −
K∗∑
k=1

δs∗
k
(Rjs∗

k
− βjRms∗

k
),

where δs∗
k
≡ λs∗

k

1/γc

1/γu+1/γc
is a positive constant for s = s∗

1 , . . . , s∗
K∗ , K∗ is the number of binding

stress testing constraints, s∗
1 , . . . , s∗

K∗ are the states used by these constraints, and λs∗
1
, . . . , λs∗

K∗
are Lagrange multipliers associated with the constraints as given in Appendix A.

Theorem 4 says that in equilibrium the market portfolio is inefficient. The intuition for this
result is straightforward. Since (1) the unconstrained agent’s optimal portfolio is efficient, (2) the
constrained agent’s optimal portfolio is inefficient, and (3) the market portfolio is the sum of these
optimal portfolios, the market portfolio is inefficient. Fig. 1 illustrates that when K∗ = 1, qm,
represented by point m, lies below the efficient frontier on the dashed hyperbola representing
combinations of q t and qs∗

1
.

Eq. (14) indicates that security j ’s equilibrium expected return depends on K∗ + 1 terms. The
first term, βjRm, is identical to that in the CAPM when the risk-free return is zero (hereafter,
‘the CAPM expected return’).27 However, the last K∗ terms, which are subtracted from the first
term, are not present in the CAPM. Each one of these K∗ terms is given by the product of: (1)
security j ’s idiosyncratic return in state s∗

k , Rjs∗
k

− βjRms∗
k
, and (2) the risk premium on the

idiosyncratic return in state s∗
k , δs∗

k
, where k ∈ {1, . . . ,K∗}. Because the sum of these K∗ terms

is subtracted from the first term, we refer to −∑K∗
k=1 δs∗

k
(Rjs∗

k
− βjRms∗

k
) as the idiosyncratic

return adjustment.
Since δs∗

k
> 0 for k = 1, . . . ,K∗, whether security j ’s expected return is larger than, equal to,

or smaller than that in the CAPM depends on its idiosyncratic returns in states s∗
1 , . . . , s∗

K∗ . First,
if security j ’s idiosyncratic return is zero in states s∗

1 , . . . , s∗
K∗ , then its expected return is equal

to that in the CAPM. Second, if security j ’s idiosyncratic return is (1) either zero or positive in
states s∗

1 , . . . , s∗
K∗ , and (2) positive for some state s ∈ {s∗

1 , . . . , s∗
K∗}, then its expected return is

smaller than that in the CAPM. Third, if security j ’s idiosyncratic return is (1) either zero or
negative in states s∗

1 , . . . , s∗
K∗ , and (2) negative for some state s ∈ {s∗

1 , . . . , s∗
K∗}, then its expected

return is larger than that in the CAPM. Finally, if security j ’s idiosyncratic return is negative
in some state s ∈ {s∗

1 , . . . , s∗
K∗} and positive in some state s′ ∈ {s∗

1 , . . . , s∗
K∗}, then its expected

return can be smaller than, equal to, or larger than that in the CAPM.
The intuition for why securities with negative (positive) idiosyncratic returns in states

s∗
1 , . . . , s∗

K∗ have relatively high (low) expected returns in equilibrium is straightforward. Due
to the constraints, it is costly (beneficial) for the constrained agent to hold securities with nega-
tive (positive) idiosyncratic returns in such states. Accordingly, the agent requires securities with
negative (positive) idiosyncratic returns in these states to have relatively high (low) expected
returns.

Theorem 4 implies that the magnitude of the effect of stress testing constraints on a security’s
expected return depends upon: (1) the size of the risk premia on the idiosyncratic returns in the
states where the stress testing constraints bind and (2) the size of the security’s idiosyncratic

27 Comparisons between the equilibrium of Theorem 4 and the CAPM are made given the equilibrium security price
vector. In general, however, this price vector in the former equilibrium will differ from that in the latter.



76 G.J. Alexander, A.M. Baptista / J. Finan. Intermediation 18 (2009) 65–92
returns in these states. The magnitude of the effect is large when both: (1) the risk premia on
the idiosyncratic returns in at least some of the states where the stress testing constraints bind
are large; and (2) the security’s idiosyncratic returns in all of these states are notably negative or
positive. The magnitude of the effect is small when either: (1) the risk premia on the idiosyncratic
returns in all states used by the binding stress testing constraints are small; or (2) the security’s
idiosyncratic returns in all of these states are close to zero. Hence, the magnitude of the effect
of a set of stress testing constraints on the expected returns of different securities can be notably
different.

3. Example

In this section, we illustrate our theoretical results using an example.

3.1. Securities

There are four risky securities (j = 1, . . . ,4) in positive net supply. Each of these securities
has one share outstanding. Panel (a) of Table 1 shows the expected values and standard deviations
of their date-1 payoffs. For simplicity, assume that the correlation coefficient between the payoffs
of each pair of distinct risky securities is 0.4.28 There is also a risk-free security (j = 5) in zero
net supply. This security has a risk-free date-1 payoff of one. We normalize the date-0 price of
the risk-free security to be one. The length of time between dates 0 and 1 is assumed to be one
month.

3.2. Agents

There are two agents: the unconstrained agent and the constrained agent. Both agents have the
objective function given by Eq. (1) with γ = γu = γc = 2.29 The constrained agent is restricted to
select a portfolio that meets either one, two, or three stress testing constraints. Panel (b) of Table 1
shows the security payoffs in the states possibly used by these constraints, s1, s2, and s3.30 In
selecting whether each of these states is used in stress testing, we proceed as follows. A state is
used in stress testing if the payoff of the market portfolio in that state is below a certain value
C > 0. Suppose that C = 1.6. Since the payoffs of the market portfolio in states s1 and s2 are,
respectively, 1.487 and 1.536, both states are used in stress testing. However, since the payoff
of the market portfolio in state s3 is 1.624, this state is not used in stress testing. Thus, the
constrained agent faces two stress testing constraints. Section 3.6 briefly examines the case when
the constrained agent faces a single stress testing constraint, while Section 3.7 considers the case
when he or she faces three stress testing constraints.

Note that the payoffs of all risky securities in state s1 are smaller than those in state s2. Thus,
we examine stress testing constraints where the maximum loss that the constrained agent can
suffer in state s1 is larger than that he or she can suffer in state s2. Specifically, we assume that
the bounds are Ts1 = 8% and Ts2 = 6%. While the values assumed for the bounds are used only

28 Hence, the expected value of the market portfolio’s payoff is 2, whereas its standard deviation is 0.11.
29 Our results are robust to changes in γ .
30 For brevity, we assume that the payoffs of the risky securities in other states are sufficiently high so that these states
are not used in stress testing. Examples with similar results can be constructed where more than three stress testing
constraints are used.
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Table 1
Parameters used in the example
(a) Expected values and standard deviations of security payoffs

j 1 2 3 4 5

dj 0.200 0.400 0.600 0.800 1.000

V
1/2
jj

0.020 0.030 0.041 0.055 0.000

(b) Security payoffs in the states that are used in the stress testing constraints

j 1 2 3 4 5

djs1 0.136 0.352 0.455 0.544 1.000
djs2 0.145 0.370 0.474 0.547 1.000
djs3 0.149 0.372 0.551 0.552 1.000

(c) The agents’ initial holdings of securities

j 1 2 3 4 5

qju 0.5 0.5 0.5 0.5 0.0
qjc 0.5 0.5 0.5 0.5 0.0

Note. This table presents the parameters used in the example of Section 3. There are four risky securities (j = 1, . . . ,4)

and a risk-free security (j = 5). Panel (a) shows their expected payoffs (dj , j = 1, . . . ,5) and standard deviations (V 1/2
jj

,

j = 1, . . . ,5). Panel (b) shows the security payoffs in the states that are used in the stress testing constraints (djs ,
j = 1, . . . ,5, s = s1, s2, s3). Panel (c) shows the unconstrained and constrained agents’ initial holdings of securities
(qu and qc , respectively). Each risky security is in positive net supply and has one share outstanding. The risk-free
security is in zero net supply. The length of time between dates 0 and 1 is assumed to be one month.

for illustrative purposes, Section 3.5 briefly examines the effect of using larger (smaller) bounds,
which correspond to looser (tighter) stress testing constraints.

Panel (c) of Table 1 shows the agents’ initial holdings of securities. In order to isolate the
effect of the stress testing constraints in the optimal portfolio, the agents are assumed to have the
same initial holdings of securities (and, as noted earlier, the same γ ).

3.3. Portfolio selection implications

Next, we examine the agents’ optimal portfolios. In doing so, we consider the equilibrium
security prices provided in panel (a) of Table 2. Since the two stress testing constraints bind for
the constrained agent, we have s∗

1 = s1 and s∗
2 = s2.

3.3.1. Funds required for optimal portfolios
Table 3 characterizes the funds required for the agents’ optimal portfolios. Funds qf and q t

are required for the two portfolios, but funds qs∗
1

and qs∗
2

are only required for the constrained
agent’s optimal portfolio. Panel (a) provides the security holdings of these four funds. The first
row shows that (by definition) qf has zero holdings of all risky securities and a unit holding of
the risk-free security. The second row indicates that q t ’s holdings range from 0.112 (security 2)
to 0.653 (security 4). The relatively small holding of security 2 can be understood by the fact
that this security has an expected return that is smaller than those of other risky securities as
we show later. The third row indicates that qs∗

1
has positive holdings of securities 1, 3, and 4,

and a negative holding of security 2. These results are driven by the state-s∗
1 returns of the risky

securities. Security 2’s state s∗-return is d2s∗/p∗ − 1 = −11.4%. In contrast, the state-s∗ returns
1 1 2 1
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Table 2
Equilibrium security prices, optimal portfolios, and adjusted security expected payoffs
(a) Security prices

j 1 2 3 4

p∗
j

0.198 0.397 0.595 0.792

(b) Optimal portfolios and the market portfolio

j 1 2 3 4 5

q∗
ju

0.918 0.167 0.790 0.971 −0.496

q∗
jc

0.082 0.833 0.210 0.029 0.496

qjm 1.000 1.000 1.000 1.000 –

(c) Summary statistics on the returns of the optimal portfolios and the market portfolio

Rq σq Rqs∗1 Rqs∗2 ρq

q∗
u 17.7 29.9 −41.9 −39.0 –

q∗
c 4.7 10.9 −8.0 −6.0 3.0

qm 11.2 19.3 −25.0 −22.5 0.4

(d) Adjustment in security expected payoffs

j 1 2 3 4

dj 0.200 0.400 0.600 0.800
λs∗1 (djs∗1 − p∗

j
) + λs∗2 (djs∗2 − p∗

j
) −0.002 −0.001 −0.004 −0.007

d∗
j

0.198 0.399 0.596 0.793

Note. Panel (a) shows the equilibrium security prices (p∗
j

, j = 1, . . . ,4) when the constrained agent faces two stress
testing constraints that use states s1 and s2. The bounds are Ts1 = 8% and Ts2 = 6%. Since both constraints bind for the
constrained agent, we have s∗

1 = s1 and s∗
2 = s2. Panel (b) presents the unconstrained and constrained agents’ optimal

portfolios (q∗
u and q∗

c , respectively) and the market portfolio (qm). Panel (c) provides summary statistics on the returns
of the optimal portfolios and the market portfolio. Expected returns (Rq ), standard deviations (σq ), and the distance
from the mean-variance boundary (ρq ) are annualized, but the returns in states s∗

1 and s∗
2 (Rqs∗1 and Rqs∗2 ) are not. The

numbers in this panel are reported in percentage points. Panel (d) provides the expected payoffs of the risky securities
(dj , j = 1, . . . ,4), the adjustments in their expected payoffs with the same effect on the optimal portfolio as that of the

stress testing constraints, and the adjusted expected payoffs (d∗
j

, j = 1, . . . ,4). These adjustments depend on: (i) the

Lagrange multipliers associated with the constraints (λs∗1 and λs∗2 ), (ii) the payoffs of the risky securities in states s∗
1 and

s∗
2 (djs , j = 1, . . . ,4, s = s∗

1 , s∗
2 ), and (iii) the security prices.

of securities 1, 3, and 4 are, respectively, −31.3%, −23.5%, and −31.3%.31 Hence, security 2
suffers a loss in state s∗

1 that is notably smaller than those of securities 1, 3, and 4. The fact that
qs∗

1
has a positive (negative) holding of a security with a relatively large (small) loss in state s∗

1
might seem surprising. As we show shortly, however, the constrained agent’s optimal portfolio
has a negative holding of qs∗

1
. The fourth row indicates that the results for qs∗

2
are similar to those

for qs∗
1
.

Panel (b) provides summary statistics on fund returns. The first two columns indicate that
qs∗

1
and qs∗

2
have larger expected returns and standard deviations than those of q t . However, the

third column shows that the former funds also suffer larger losses in states s∗
1 and s∗

2 than those

31 These three returns are notably negative, but nevertheless plausible. For example, the Nasdaq index declined by
27.1% and 22.9% in, respectively, October 1987 and November 2000.
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Table 3
Funds required for optimal portfolios
(a) Composition of funds

j 1 2 3 4 5

qjf – – – – 1.000
qjt 0.618 0.112 0.531 0.653 –
qjs∗1 0.878 −0.551 0.596 0.872 –

qjs∗2 0.787 −0.872 0.564 1.080 –

(b) Summary statistics on fund returns

Rq σq Rqs∗1 Rqs∗2 ρq

qf 0.0 – 0.0 0.0 –
qt 11.8 19.9 −27.9 −26.0 –
qs∗1 12.9 22.6 −32.9 −31.7 0.9

qs∗2 13.4 24.7 −35.6 −35.0 2.0

(c) Fund holdings of the optimal portfolios and the market portfolio

θf θt θs∗1 θs∗2
q∗

u −0.496 1.486 – –
q∗

c 0.496 1.486 −0.618 −0.373
qm – 2.972 −0.618 −0.373

Note. This table characterizes the funds required for unconstrained and constrained agents’ optimal portfolios (q∗
u and q∗

c ,
respectively). Funds qf and qt are required for both portfolios. Funds qs∗1 and qs∗2 are only required for the constrained

agent’s optimal portfolio. Panel (a) provides the composition of these funds. Panel (b) provides summary statistics on
fund returns. Expected returns (Rq ), standard deviations (σq ), and the distance from the mean-variance boundary (ρq )
are annualized, but the returns in states s∗

1 and s∗
2 (Rqs∗1 and Rqs∗2 ) are not. In this panel, the numbers are reported in

percentage points. Panel (c) provides the fund holdings of the optimal portfolios and the market portfolio. The holdings
of funds qf , qt , qs∗1 , and qs∗2 are denoted by, respectively, θf , θt , θs∗1 , and θs∗2 .

suffered by the latter. Since qs∗
1

and qs∗
2

are inefficient, their distance from the mean-variance
boundary is of interest. We measure portfolio q’s distance from this boundary, denoted by ρq ,
in terms of annualized standard deviation.32 The last column indicates that ρqs∗1

= 0.9% and

ρqs∗2
= 2.0%.

3.3.2. Unconstrained agent’s optimal portfolio
The first row of panel (b) of Table 2 shows the unconstrained agent’s optimal portfolio q∗

u.
Note that the agent’s optimal holdings of the risky securities are all positive. However, the optimal
holdings of securities 1, 3, and 4 are notably larger than that of security 2. This result follows
from the fact that q t ’s holding of security 2 is small relative to those of the other risky securities as
mentioned earlier (see the second row of Table 3(a)). The agent’s optimal holding of the risk-free
security is negative. Hence, as panel (c) of Table 3 shows, the unconstrained agent borrows at the
risk-free rate in order to take a leveraged position in q t . The first row of panel (c) of Table 2 says
that the expected return and standard deviation of the unconstrained agent’s optimal portfolio

32 Note that ρq is the increase in standard deviation arising from selecting q instead of a portfolio on the mean-variance
boundary with the same expected return.
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are, respectively, 17.7% and 29.9%. Moreover, its returns in states s∗
1 and s∗

2 , at −41.9% and
−39.0%, respectively, are notably negative.

3.3.3. Constrained agent’s optimal portfolio
The second row of panel (b) of Table 2 shows the constrained agent’s optimal portfolio q∗

c .
Comparing the optimal security holdings of the unconstrained and constrained agents, two main
results can be seen. First, the constrained agent’s optimal holdings of securities 1, 3, and 4 are
much smaller than those of the unconstrained agent, while that of security 2 is much larger. The
intuition for this result is straightforward. Security 2 suffers losses in states s∗

1 and s∗
2 that are

notably smaller than those of securities 1, 3, and 4. Thus, the stress testing constraints force a
reduction of the holdings in securities 1, 3, and 4, and an increase in the holding of security 2
by the constrained agent. Panel (d) provides the adjustments in the expected payoffs of the risky
securities that, when ignoring the stress testing constraints, have the same effect on the optimal
portfolio as the constraints. Note that the expected payoffs of all securities are adjusted down-
ward. However, the adjustment for security 2 is in absolute terms smaller than those for securities
1, 3, and 4. Since securities 1, 3, and 4 are now relatively less attractive than security 2, the con-
straints cause the optimal holdings of the former securities to decrease and that of the latter to
increase.

Second, the first column of panel (c) of Table 3 shows that the constrained agent’s optimal
holding of the risk-free security is positive, while that of the unconstrained agent is negative.
Since the risk-free security has returns in states s∗

1 and s∗
2 that are larger than those of the risky

securities, a positive holding of the risk-free security is useful to meet the stress testing con-
straints. The fact that the risk-free security is now more attractive relative to the risky securities
can be understood by recalling that the effect of the stress testing constraints on the optimal port-
folio is identical to that of a downward adjustment in the expected payoffs of all risky securities.

The second row of panel (c) of Table 2 says that the expected return and standard deviation
of the constrained agent’s optimal portfolio are, respectively, 4.7% and 10.9%. Thus, they are
notably smaller than those of the unconstrained agent’s optimal portfolio. It can be seen that the
returns of the constrained agent’s optimal portfolio in states s∗

1 and s∗
2 meet the stress testing

constraints. Note that its distance from the mean-variance boundary is ρq∗
c
= 3.0%.33

The second row of panel (c) of Table 3 shows the constrained agent’s optimal fund holdings.
Comparing the optimal fund holdings of the unconstrained and constrained agents, two results
can be seen. First, the agents have the same optimal holding of q t . This result follows from the
application of Theorems 1 and 2 when γu = γc. Second, while the unconstrained agent’s optimal
holdings of qs∗

1
and qs∗

2
are equal to zero, those of the constrained agent are negative. Since qs∗

1
and qs∗

2
suffer large losses in states s∗

1 and s∗
2 , short positions in qs∗

1
and qs∗

2
are useful to meet

the stress testing constraints.

3.4. Equilibrium implications

Next, we characterize the market portfolio and equilibrium security expected returns.

33 While stress testing constraints can be useful for an agent who, for example, wishes to control kurtosis, they are
(by construction) costly for agents with mean-variance objective functions. The cost of the constraints for these agents
can be measured by the reduction in the annualized certainty equivalent return (CER) incurred by the agent who selects
the constrained optimal portfolio instead of the unconstrained optimal portfolio. Since the CERs of these portfolios are,
respectively, 3.5% and 8.9%, this cost (and thus the cost of ‘protection’) is 5.4%.
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Table 4
Risk premia, security characteristics, and security expected returns

(a) Risk premia

Rm 11.2
δs∗1 9.6

δs∗2 6.5

(b) Security betas and idiosyncratic returns

j 1 2 3 4

βj 1.16 0.94 0.93 1.04
Rjs∗1 − βj Rms∗1 −2.23 12.14 −0.18 −5.40

Rjs∗2 − βj Rms∗2 −0.56 14.35 0.70 −7.58

(c) Security expected returns

j 1 2 3 4

βj Rm (CAPM expected return) 13.02 10.55 10.46 11.61

−(Rjs∗1 − βjRms∗1 )δs∗1 0.21 −1.16 0.02 0.52

−(Rjs∗2 − βjRms∗2 )δs∗2 0.04 −0.93 −0.05 0.49

Idiosyncratic return adjustment 0.25 −2.10 −0.03 1.01

Rj 13.27 8.46 10.44 12.62

Note. Panel (a) provides the risk premia. The risk premium on security betas is the expected return on the market portfolio
Rm. The risk premia on idiosyncratic returns in states s∗

1 and s∗
2 are denoted by δs∗1 and δs∗2 , respectively. Panel (b)

presents the security betas (βj , j = 1, . . . ,4) and their idiosyncratic returns in states s∗
1 and s∗

2 (Rjs − βj Rms , j =
1, . . . ,4, s = s∗

1 , s∗
2 ). Panel (c) presents the security expected returns (Rj , j = 1, . . . ,4). With the exception of the

idiosyncratic returns in states s∗
1 and s∗

2 , all numbers are annualized. With the exception of the betas, all numbers are
reported in percentage points.

3.4.1. Market portfolio
Since all risky securities have one share outstanding, the third row of panel (b) of Table 2

shows that qm’s holding of each risky security is one. The third row of panel (c) of Table 2
reports that qm’s expected return and standard deviation are, respectively, 11.2% and 19.3%.
Thus, they are smaller (larger) than those of q∗

u (q∗
c ). Moreover, qm’s returns in states s∗

1 and
s∗

2 are smaller (larger) in absolute terms than those of q∗
u (q∗

c ). Finally, qm’s distance from the
mean-variance boundary is only ρqm

= 0.4%. This distance is small since qm’s holdings of qs∗
1

and qs∗
2

are relatively small (in absolute terms) when compared to qm’s holding of q t (see the
third row of Table 3(c)).

3.4.2. Security expected returns
Panel (a) of Table 4 shows the risk premia. First, since the risk-free return is zero, the CAPM’s

risk premium is Rm = 11.2%.34 Second, the risk premium of the idiosyncratic return in state s∗
1

is δs∗
1

= 9.6% so that a security’s expected return decreases by 9.6 basis points per percentage
point of its idiosyncratic return in state s∗

1 . Third, the risk premium of the idiosyncratic return
in state s∗

2 is δs∗
2

= 6.5% so that a security’s expected return decreases by 6.5 basis points per
percentage point of its idiosyncratic return in state s∗

2 .
The first row of panel (b) shows that the security betas range from 0.93 (security 3) to 1.16

(security 1). The second and third rows provide their idiosyncratic returns in states s∗
1 and s∗

2 ,

34 The fact that this risk premium is sizeable can be understood by noting that the unconstrained agent is required to
absorb relatively large trades made by the constrained agent as he or she makes adjustments to meet the stress testing
constraints. Since the unconstrained agent is thus required to bear more risk, he or she is willing to hold the risky securities
only if they provide relatively high expected returns.
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respectively. Securities 1 and 4 have negative idiosyncratic returns in both states. Security 2 has
positive idiosyncratic returns in both states. Security 3 has a negative (positive) idiosyncratic
return in state s∗

1 (s∗
2 ).

Panel (c) decomposes the security expected returns that are provided in the last row. The first
row provides the CAPM expected return. The next three rows provide the two terms that are not
present in the CAPM and their sum, i.e., the idiosyncratic return adjustment. Since securities 1
and 4 have negative idiosyncratic returns in states s∗

1 and s∗
2 as shown in panel (b), their idiosyn-

cratic return adjustments are positive. The idiosyncratic return adjustment for security 1 (0.25%)
is smaller than that for security 4 (1.01%) because the idiosyncratic returns of the former secu-
rity are also smaller in absolute terms than those of the latter. Since security 2 has positive and
large idiosyncratic returns in states s∗

1 and s∗
2 , its idiosyncratic return adjustment is notably neg-

ative (−2.10%). Lastly, since security 3 has a slightly negative (positive) idiosyncratic return in
state s∗

1 (s∗
2 ), its idiosyncratic return adjustment is close to zero. In sum, the idiosyncratic return

adjustments can be notably negative, close to zero, or notably positive.

3.5. Using other values for the bounds

In order to examine the effect of the size of the stress testing bounds on equilibrium expected
returns, two additional cases were considered. These cases involve having Ts1 = 10% and Ts2 =
8% so that the two stress testing constraints are loosened, and having Ts1 = 6% and Ts2 = 4% so
that the two stress testing constraints are tightened. In either of the two cases, both constraints
bind for the constrained agent. Hence, we have s∗

1 = s1 and s∗
2 = s2. Table 5 presents the results

for these cases in panels (a) and (c), along with those from panel (c) of Table 4 that now re-
appears in panel (b) in order to make easier viewing of the effect of the size of the bounds on
expected returns.

The effect of tightening the constraints can be examined by moving from panel (a) to panel
(b) and, in turn, to panel (c) of Table 5. In doing so, three results are apparent. First, CAPM
expected returns become larger (see the first row in each panel). Second, the idiosyncratic re-
turn adjustment becomes slightly smaller for security 1 while these adjustments for the other
securities become slightly larger in absolute terms (see the fourth row in each panel). Hence, the
idiosyncratic return adjustments for securities 1 and 3 (2 and 4) remain relatively small (large).
Third, equilibrium security expected returns become larger (see the fifth row in each panel). This
result can be understood as follows. With tighter constraints, the constrained agent selects a port-
folio that is ‘farther’ from that selected by the unconstrained agent. Hence, the unconstrained
agent is required to absorb ‘larger’ trades made by the constrained agent as he or she makes port-
folio adjustments to meet the constraints. Since the unconstrained agent is thus required to bear
more risk, he or she is willing to hold the risky securities only if they provide higher expected
returns.

In sum, the effect of stress testing constraints on the expected returns of certain securities can
be large for various values of the bounds. However, there are also securities for which this effect
is small for these values of the bounds.

3.6. Using a single stress testing constraint

Suppose that C = 1.5. Since the payoffs of the market portfolio in states s1, s2, and s3 are, re-
spectively, 1.487, 1.536, and 1.624, only state s1 is used in stress testing and thus the constrained
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Table 5
Effect of the size of the stress testing bounds on security expected returns
(a) Ts∗1 = 10% and Ts∗2 = 8%

j 1 2 3 4

βjRm (CAPM expected return) 12.54 10.17 10.08 11.18

−(Rjs∗1 − βjRms∗1 )δs∗1 0.24 −1.33 0.02 0.59

−(Rjs∗2 − βjRms∗2 )δs∗2 0.02 −0.46 −0.02 0.24

Idiosyncratic return adjustment 0.26 −1.78 0.00 0.83

Rj 12.80 8.38 10.07 12.01

(b) Ts∗1 = 8% and Ts∗2 = 6%

j 1 2 3 4

βjRm (CAPM expected return) 13.02 10.55 10.46 11.61

−(Rjs∗1 − βjRms∗1 )δs∗1 0.21 −1.16 0.02 0.52

−(Rjs∗2 − βjRms∗2 )δs∗2 0.04 −0.93 −0.05 0.49

Idiosyncratic return adjustment 0.25 −2.10 −0.03 1.01

Rj 13.27 8.46 10.44 12.62

(c) Ts∗1 = 6% and Ts∗2 = 4%

j 1 2 3 4

βjRm (CAPM expected return) 13.51 10.95 10.85 12.05

−(Rjs∗1 − βjRms∗1 )δs∗1 0.18 −1.00 0.02 0.45

−(Rjs∗2 − βjRms∗2 )δs∗2 0.05 −1.41 −0.07 0.74

Idiosyncratic return adjustment 0.23 −2.41 −0.05 1.19

Rj 13.74 8.54 10.80 13.24

Note. This table shows the effect of the size of the stress testing bounds on security expected returns. There are two stress
testing constraints that use states s1 and s2. In panel (a), the bounds are Ts1 = 10% and Ts2 = 8%. In panel (b), the
bounds are Ts1 = 8% and Ts2 = 6%. In panel (c), the bounds are Ts1 = 6% and Ts2 = 4%. In all cases of the bounds,
both constraints bind for the constrained agent. Hence, we have s∗

1 = s1 and s∗
2 = s2. The rest of the notation is defined

as in Table 4. All numbers are annualized and reported in percentage points.

Table 6
Effect of a single stress testing constraint on security expected returns

j 1 2 3 4

βjRm (CAPM expected return) 13.14 10.65 10.56 11.72

−(Rjs∗1 − βjRms∗1 )δs∗1 (Idiosyncratic return adjustment) 0.35 −1.93 0.03 0.86

Rj 13.49 8.72 10.59 12.57

Note. This table presents the effect of a single stress testing constraint on security expected returns. This constraint uses
state s1 and bound Ts1 = 8%. Since the constraint binds for the constrained agent, we have s∗

1 = s1. The rest of the
notation is defined as in Table 4. All numbers are annualized and reported in percentage points.

agent faces only a single stress testing constraint. Assume that Ts1 = 8%. Since the stress testing
constraint binds for the constrained agent, we have s∗ = s1. Table 6 presents equilibrium security
1
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expected returns. Comparing the case of a single stress testing constraint with the case of two
stress testing constraints with bounds Ts∗

1
= 8% and Ts∗

2
= 6% as shown in Table 5(b), three re-

sults can be seen. First, the CAPM expected returns of all risky securities in Table 6 are slightly
larger than those in Table 5(b). Second, the idiosyncratic return adjustments in Table 6 are within
17 basis points of those in Table 5(b). Third, the security expected returns in Table 6 are within
26 basis points of those in Table 5(b). In sum, the effect of stress testing constraints on the ex-
pected returns of certain securities can be large regardless of whether one or two constraints are
used. However, there are also securities for which this effect is small regardless of whether one
or two constraints are used.

3.7. Using stress testing when there is a breakdown in correlations

There is an extensive literature examining whether correlations between the returns of dif-
ferent assets change under various market conditions. For example, King and Wadhwani (1990)
provide evidence of an increase in the correlation between the U.S. and U.K. equity markets dur-
ing the crash in the U.S. stock market of 1987. Longin and Solnik (2001) show that there is also
an increase in the correlation between U.S. and international equity markets during bear peri-
ods. Chakrabarti and Roll (2002) find that stock market correlations within East Asia and within
Europe increased during the 1997 Asian crisis.35 For brevity, we refer to these changes in cor-
relations as ‘breakdown in correlations.’ While a detailed examination of the portfolio selection
and asset pricing implications of breakdowns in correlations is beyond the scope of our paper,
we next illustrate the use of stress testing constraints when there is an increase in correlations
and its effect on security expected returns.36

Suppose that there is a breakdown in correlations in states s1, s2, and s3.37 Accordingly, as-
sume that the constrained agent faces three stress testing constraints that use such states.38 For
simplicity, suppose that the states are equally likely. Panel (a) of Table 7 shows the correla-
tion coefficients between asset payoffs conditional on these states. For brevity, we refer to these
coefficients as ‘conditional correlation coefficients.’ 39 As noted earlier, the (unconditional) cor-
relation coefficient between the payoffs of each pair of different risky assets is assumed to be
0.4. Consistent with the idea that correlations between different equity markets may increase

35 It should be emphasized that correlations between asset returns may also decrease during crises. For example, an
increase in credit spreads can result in a decrease of the correlation between the returns on Treasury and corporate bonds.
In particular, the increase in credit spreads of 1998 led Long Term Capital Management to suffer very large losses;
see Edwards (1999) and Jorion (2007, pp. 349–353). For an examination of the effect of overestimating correlations on
portfolio risk in the absence of stress testing constraints, see Jorion (2007, pp. 568–570).
36 For an examination of the portfolio selection implications of a regime-switching model where there is an increase in
volatilities and correlations during bear markets, see Ang and Bekaert (2002).
37 Consider two assets that have different payoffs in two different states. By construction, the correlation coefficient
between the payoffs of these assets conditional on one of these states occurring is either −1 or 1. Hence, in order to allow
correlation coefficients between asset payoffs different from −1 and 1, a breakdown in correlations across more than two
states is required. Therefore, we consider a breakdown in correlations across three states.
38 In motivating the use of these states in stress testing, we can alternatively proceed as is Section 3.2. For example,
suppose that a state is used in stress testing if the payoff of the market portfolio in that state is below C = 1.7. Since the
payoffs of the market portfolio in states s1, s2, and s3 are, respectively, 1.487, 1.536, and 1.624, all of these states are
used in stress testing. Thus, the constrained agent faces three stress testing constraints.
39 For an examination of the biases arising from making inferences about a breakdown in correlations from estimated
conditional correlation coefficients, see, for example, Boyer et al. (1999), Longin and Solnik (2001), and Forbes and
Rigobon (2002).
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Table 7
Effect of stress testing constraints on security expected returns when there is a breakdown in correlations
(a) Correlation coefficients between asset payoffs conditional on the states used in stress testing

j 1 2 3 4

1 1.00 0.98 0.85 0.94
2 1.00 0.72 0.84
3 1.00 0.98
4 1.00

(b) Security expected returns

j 1 2 3 4

βjRm (CAPM expected return) 13.03 10.56 10.47 11.63

−(Rjs∗1 − βjRms∗1 )δs∗1 0.24 −1.30 0.02 0.58

−(Rjs∗2 − βjRms∗2 )δs∗2 0.02 −0.64 −0.03 0.33

−(Rjs∗3 − βjRms∗3 )δs∗3 0.04 −0.11 −0.10 0.12

Idiosyncratic return adjustment 0.30 −2.05 −0.11 1.03

Rj 13.33 8.51 10.36 12.66

Note. This table examines the effect of stress testing constraints when there is a breakdown in correlations. The breakdown
in correlations occurs in states s1, s2, and s3. Accordingly, there are three stress testing constraints that use these states.
The bounds are Ts1 = 8%, Ts2 = 6%, and Ts3 = 4%. Since the three constraints bind for the constrained agent, we have
s∗
1 = s1, s∗

2 = s2, and s∗
3 = s3. The rest of the notation is defined as in Table 4. Panel (a) shows the correlation coefficients

between asset payoffs conditional on the states used in stress testing. Panel (b) presents the security expected returns.
With the exception of the correlation coefficients, all numbers are annualized and reported in percentage points.

during crises, the panel indicates that the conditional correlation coefficients are larger than the
unconditional correlation coefficients.40

Panel (b) of Table 1 shows that the payoffs of all risky securities in state s1 are smaller than
those in state s2, which in turn are smaller than those in state s3. Thus, we examine stress testing
constraints where the maximum loss that the constrained agent can suffer in state s1 is larger
than that he or she can suffer in state s2, which in turn is larger than that he or she can suffer in
state s3. Specifically, we assume that the bounds are Ts1 = 8%, Ts2 = 6%, and Ts3 = 4%. Since
the three constraints bind for the constrained agent, we have s∗

1 = s1, s∗
2 = s2, and s∗

3 = s3.
Panel (b) of Table 7 presents equilibrium security expected returns. Comparing the case

of three stress testing constraints with the case of two stress testing constraints with bounds
Ts∗

1
= 8% and Ts∗

2
= 6% as shown in Table 5(b), three results can be seen. First, the CAPM

expected returns of all risky securities in Table 7(b) are slightly larger than those in Table 5(b).
Second, the idiosyncratic return adjustments in Table 7(b) are within 8 basis points of those in Ta-
ble 5(b). Third, the security expected returns in Table 7(b) are also within 8 basis points of those
in Table 5(b). In sum, as in the case when only two stress testing constraints are imposed, the
effect of the three constraints on the expected returns of some securities can be large. However,
the effect can also be relatively small for other securities.

40 The values of these correlation coefficients result from our assumptions on the payoffs of the risky assets in states s1,
s2, and s3. While these values are only used for illustrative purposes, examples with similar results can be constructed
where the values of the correlation coefficients differ from those in Table 7(a).
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4. Conclusion

Over the past twenty years, some investors have suffered sizeable losses due to extreme events
(e.g., the crash in the U.S. stock market of 1987 and the terrorist attacks in the U.S. of 2001).
Stress testing is now commonly utilized as a tool to prevent such losses. For example, the Com-
mittee on the Global Financial System (2005, pp. 1, 15) of the Bank for International Settlements
and Scholes (2000) note that financial intermediaries often use stress testing to set risk exposure
limits. Accordingly, our paper explores the portfolio selection and asset pricing implications
arising from the use of stress testing constraints in a model where one of the agents faces these
constraints and the other does not.

We obtain three main results. First, the constrained agent’s optimal portfolio exhibits (K∗+2)-
fund separation, where K∗ is the number of binding stress testing constraints. This result
simplifies stress testing-constrained portfolio selection problems into (K∗ + 2)-fund allocation
exercises that can be solved in two steps: (1) identifying the K∗ + 2 funds, and (2) allocating
wealth among them. While two of these funds are also used by the unconstrained agent, the re-
maining K∗ funds capture the need to satisfy the constraints. Second, the effect of the constraints
on the optimal portfolio is identical to that of an adjustment in the expected payoffs of the risky
securities that tends to lower them. As a result, the constraints tend to lead to an increase in the
optimal holding of the risk-free security, thereby reducing an agent’s exposure to risky securi-
ties. Finally, a security’s equilibrium expected return is affected by both its systematic risk (i.e.,
beta) and its idiosyncratic returns in the states where the constraints bind. Specifically, securities
with negative (positive) idiosyncratic returns in these states have relatively high (low) expected
returns in equilibrium. This result provides further motivation to the literature in which security
prices are not solely driven by systematic risk.
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Appendix A

Proof that portfolios on the mean-variance boundary satisfy Eq. (3). Portfolio q∗ is on the
mean-variance boundary if and only if it solves

(15)min
q∈RJ+1

1

2
q̂�V q̂

(16)s.t. q̂�d + qJ+1 = d∗,
(17)q̂�p + qJ+1 = p∗
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for some (d∗,p∗) ∈ R × R++. First-order conditions for q∗ to solve problem (15) subject to
constraints (16) and (17) are given by

(18)V q̂∗ − λ1d − λ2p = 0,

(19)−λ1 − λ2 = 0,

(20)(̂q∗)�d + q∗
J+1 = d∗,

(21)(̂q∗)�p + q∗
J+1 = p∗,

where λ1 and λ2 are Lagrange multipliers associated with these constraints. Eqs. (18) and (19)
imply that

(22)q̂∗ = λ1V
−1(d − p).

Premultiplying Eq. (22) by d� and using Eq. (20), we have

(23)d∗ − q∗
J+1 = λ1d

�V −1(d − p).

Similarly, premultiplying Eq. (22) by p� and using Eq. (21), we have

(24)p∗ − q∗
J+1 = λ1p

�V −1(d − p).

It follows from Eqs. (23) and (24) that

(25)
d∗ − p∗

(d − p)�V −1(d − p)
= λ1.

Eqs. (22) and (25) imply that

(26)q̂∗ = (d∗ − p∗)V −1(d − p)

(d − p)�V −1(d − p)
.

The desired result follows from Eq. (26). �
Proof of Theorem 1. Since constraint (5) binds, we have

(27)q∗
J+1u = (̂

qu − q̂∗
u

)�
p + qJ+1u.

Hence, q̂∗
u solves

(28)max
q̂∈RJ

q̂�d + (̂qu − q̂ )�p + qJ+1u − γu

2
q̂�V q̂.

A first-order condition for q̂∗
u to solve maximization problem (28) is given by

(29)d − p − γuV q̂∗
u = 0.

Eq. (29) implies that

(30)q̂∗
u = V −1(d − p)

γu

.

The desired result follows from Eqs. (27) and (30). �
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Proof of Theorem 2. Since constraint (8) binds, we have

(31)q∗
J+1c = (̂

qc − q̂∗
c

)�
p + qJ+1c.

Suppose that constraint (9) binds for states s∗
1 , . . . , s∗

K∗ , where K∗ � K . Then,(̂
q∗

c

)�
ds + (̂

qc − q̂∗
c

)�
p + qJ+1c = (1 − Ts)

(̂
q�

c p + qJ+1c

)
, s = s∗

1 , . . . , s∗
K∗ ,

or equivalently,(̂
q∗

c

)�
(ds − p) = −Ts

(̂
q�

c p + qJ+1c

)
, s = s∗

1 , . . . , s∗
K∗ .

Hence, q̂∗
c solves

(32)max
q̂∈RJ

q̂�d + (̂qc − q̂ )�p + qJ+1c − γc

2
q̂�V q̂

(33)s.t. q̂�(ds − p) = −Ts

(̂
q�

c p + qJ+1c

)
, s = s∗

1 , . . . , s∗
K∗ .

A first-order condition for q̂∗
c to solve maximization problem (32) subject to constraints (33) are

given by

(34)d − p − γcV q̂∗
c +

K∗∑
k=1

λs∗
k
(ds∗

k
− p) = 0,

(35)
(̂
q∗

c

)�
(ds − p) = −Ts

(̂
q�

c p + qJ+1c

)
, s = s∗

1 , . . . , s∗
K∗ ,

where λs∗
1
, . . . , λs∗

K∗ are Lagrange multipliers associated with these constraints. Eq. (34) implies
that

(36)q̂∗
c = V −1[d − p + ∑K∗

k=1 λs∗
k
(ds∗

k
− p)]

γc

.

The desired result follows from Eqs. (31) and (36). The multipliers can be found as follows.
Premultiplying Eq. (36) by (ds − p)� and using Eq. (35), we have

(37)

−Ts

(̂
q�

c p + qJ+1c

) = (ds − p)�V −1[d − p + ∑K∗
k=1 λs∗

k
(ds∗

k
− p)]

γc

, s = s∗
1 , . . . , s∗

K∗ .

Let Is ≡ (ds − p)�V −1(d − p) and Iss∗
k

≡ (ds − p)�V −1(ds∗
k

− p). It follows from Eq. (37)
that

(38)
K∗∑
k=1

λs∗
k
Iss∗

k
= −[

Is + Ts

(̂
q�

c p + qJ+1c

)
γc

]
, s = s∗

1 , . . . , s∗
K∗ .

Let

X ≡ [λs∗
1

· · · λs∗
K∗ ]�, U ≡ [ds∗

1
− p · · · ds∗

K∗ − p ], Y ≡ U�V −1U ,

and

Z ≡ [−[
Is∗

1
+ Ts∗

1

(̂
q�

c p + qJ+1c

)
γc

] · · · −[
Is∗

K∗ + Ts∗
K∗

(̂
q�

c p + qJ+1c

)
γc

] ]�
.

Using Eq. (38), we have YX = Z. Hence, X = Y−1Z. �
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Proof of Theorem 3. The desired result follows from Eqs. (30) and (36). �
Proof of Theorem 4. We begin by showing that market portfolio qm is inefficient. Since (1) q∗

u

is efficient, (2) q∗
c is inefficient, and (3) qm is the sum of q∗

u and q∗
c , qm is inefficient.

Next, we show that Eq. (14) holds. Using Eqs. (12), (30), and (36), we have

(39)
V −1(d − p∗)

γu

+ V −1[d − p∗ + ∑K∗
k=1 λs∗

k
(ds∗

k
− p∗)]

γc

= 1.

Premultiplying Eq. (39) by V , we have

(40)
d − p∗

γu

+ d − p∗ + ∑K∗
k=1 λs∗

k
(ds∗

k
− p∗)

γc

= V 1.

Using Eq. (40), we have

(41)
d( 1

γu
+ 1

γc
) +

∑K∗
k=1 λs∗

k
ds∗

k

γc
− V 1

1
γu

+ 1+∑K∗
k=1 λs∗

k

γc

= p∗.

It follows from Eq. (41) that

(42)
dj (

1
γu

+ 1
γc

) +
∑K∗

k=1 λs∗
k
djs∗

k

γc
− Vjm

1
γu

+ 1+∑K∗
k=1 λs∗

k

γc

= p∗
j ,

where Vjm denotes the covariance between the payoffs of security j and the market portfolio.
Using Eq. (42), we have

(43)Rj

(
1

γu

+ 1

γc

)
+

∑K∗
k=1 λs∗

k
R∗

js∗
k

γc

= Vjm

p∗
j

.

Eq. (41) implies that

(44)
dm( 1

γu
+ 1

γc
) +

∑K∗
k=1 λs∗

k
dms∗

k

γc
− Vmm

1
γu

+ 1+∑K∗
k=1 λs∗

k

γc

= p∗
m,

where dm denotes the expected payoff of the market portfolio, dms denotes the payoff of the
market portfolio in state s, Vmm denotes the variance of the market portfolio payoff, and p∗

m

denotes the price of the market portfolio. Using Eq. (44), we have

(45)Rm

(
1

γu

+ 1

γc

)
+

∑K∗
k=1 λs∗

k
Rms∗

k

γc

= Vmm

p∗
m

.

The definition of βj implies that

(46)βj = Vjmp∗
m

Vmmp∗
j

.
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It follows from Eqs. (43), (45), and (46) that

(47)Rj

(
1

γu

+ 1

γc

)
+

∑K∗
k=1 λs∗

k
R∗

js∗
k

γc

= βj

[
Rm

(
1

γu

+ 1

γc

)
+

∑K∗
k=1 λs∗

k
Rms∗

k

γc

]
.

The desired result follows from Eq. (47). �
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